Fast proportional rf control is used as the basis for rf field regulation in actual linear accelerator projects like the international linear collider (ILC) and the European x-ray free electron laser (XFEL) based on TESLA technology. Additional control loops improve the field regulation by treating repetitive effects and compensating the beam loading. Nevertheless, the ability for high gain operation of the fast loops is desirable for the strong suppression of nonpredictive and nonrepetitive disturbances. TESLA cavities host nine fundamental modes (FMs) where only one is used for beam acceleration. The unwanted FMs have a significant influence on the proportional rf control loop stability at high gains. Within this paper, the stability of proportional rf control loops taking the FMs and digitalization effects into account will be discussed in detail together with measures enabling a significant increase of the gain values.
I. INTRODUCTION
Recent linear accelerator projects such as the international linear collider (ILC) and the European x-ray free electron laser (XFEL) are based on the superconducting rf technology whose development was started by the teraelectronvolt superconducting linear accelerator (TESLA) collaboration. High accelerating gradients at moderate cryogenic load are obtained by a pulsed operation with repetition frequencies from 5 Hz up to 30 Hz and keeping the accelerating gradients for 800 s at constant levels of up to 30 MV=m and more (at the ILC). For economic reasons, one high power klystron will drive 32 or more superconducting 1.3 GHz cavities.
The requirements on the accelerating rf fields vary slightly from project to project. The ILC is focused on the highest gradients possible whereas FELs have extreme demands on the rf field stability required for effective bunch compression. Altogether, the use of digital rf control is beyond question due to its flexibility concerning the multicavity control, the adoptability to changing requirements, and enabling new rf control concepts. Above all, digital controllers are more suitable for automation and exception handling.
Fast proportional rf control is used as the basis for the rf field regulation [1] . Additional control loops are built up around the fast loops, improving the field regulation by treating repetitive effects and compensating the beam loading [2, 3] . Nevertheless, the ability for high gain operation of the fast loops is desirable for strong suppression of nonpredictive and nonrepetitive disturbances.
TESLA cavities consist of nine cells and therefore host nine fundamental modes (FMs) where only one is used for beam acceleration [4] . The other FMs are unwanted and have a significant influence on the proportional control loop stability at high gains [1, 5] . Digitalization acts like a filter and therefore influences the loop stability. In the literature, digitalization effects at accelerator rf control
have not yet been discussed in detail. In this paper, the stability of proportional single input single output (SISO)-type rf control loops at TESLA cavities taking the FMs and the digitalization into account will be discussed together with measures allowing for high gain values.
II. FUNDAMENTAL MODES OF TESLA CAVITIES
The superconducting TESLA cavities are each composed of nine cells with a length of one-half of the 1.3 GHz wavelength (Fig. 1) . The rf power is fed into the cavity via an rf power coupler located near the end cell at one side of the cavity. Coupling from cell to cell leads to a build up of standing rf waves.
An rf cavity consisting of nine cells hosts nine different normal rf modes and fundamental modes (FMs), respectively, with electrical field vectors on the cavity axis parallel to it (TM 010 modes). The set of the nine amplitudes of the electrical field vectors in the corresponding cells can be described by ''amplitude'' vectors V consisting of nine elements. Using symmetry arguments and group theory [6 -8] , one immediately realizes the nine modes can be described by a set of nine orthogonal amplitude vectors with each vector symmetrical to a plane perpendicular to 
In accelerator technology, one names the modes in correspondence to the rf field amplitude phase advance within each cell, which, in the case of TESLA cavities, is the factor n 9 . For acceleration only the 9 9 -mode is used, the other modes are unwanted. Figure 2 shows a sketch of the arrangements of the rf field amplitudes for all nine FMs. The -mode shows equal rf field amplitudes in all cells with opposite sign. While the beam passes from cell to cell, the sign of the rf field changes synchronously leading to beam acceleration over the full cavity length. This is not the case for the other modes.
The action of the coupling from cell to cell is strongest when subsequent cells have opposite field vector sign (-mode), whereas weakest in case they point in the same direction ( (Table I) . The unloaded quality factors of all nine modes are equal [10, 11] with values of Q 0 10 10 . This is not the case for the loaded quality factors Q L determined by the coupling .
Differences in the field amplitudes of the end cells, most visible at the (Fig. 2) , lead to differences in the coupling to the power coupler and the pickup, respectively. For instance, the 1 9 -mode is least coupled to the power coupler and shows consequently the highest loaded quality factor. For the -mode, the loaded quality factor has values of Q L 3 10 6 . Coupling and loaded quality factors for the other modes can be estimated as follows.
The electromagnetic energy contained in a mode of a nine cell cavity is proportional to the scalar product 
Because of the normalization (1) and (2), the vectors V n=9 describe modes containing the same amount of stored energy. In contrast, the energy contained in the end cells varies with V n=9 2 1 . The coupling to the modes is to the coupling of the -mode as the energies in the end cells is to the energy in the end cell at the -mode [12] . Hence, we obtain
From the relation between the loaded quality factor and coupling [1] ,
For the numerical values of n=9 and Q Ln=9 normalized to the values for the -mode, see Table II .
In addition to the FMs, TESLA type cavities also host modes with electrical field vectors on the cavity axis with either tiny amplitudes parallel to it or with considerable amplitudes but perpendicular to the cavity axis (modes of the TE/TM and TM/TE pass bands [10] ). The frequencies of these higher order modes (HOMs) range from 1.62 to 1.89 GHz [10, 11] . For acceleration they are unwanted and are therefore damped via HOM couplers. In this paper they are not further considered as their frequencies are far away from the operational frequency and in addition are outside the bandwidth of the high power rf. Figure 3 shows a sketch of a digital proportional control loop, regulating rf amplitude and phase, and angular pointer components (IQ), respectively, within a superconducting nine cell cavity driven by a pulsed klystron. For simplification most additional technical components such as the klystron preamplifier are omitted. Because of the narrow bandwidth of the cavity, the rf drive voltage supplied by the klystron results in a slow voltage increase inside the cavity while filling. When reaching the gradient desired, the beam starts passing the cavity. With nominal beam current, the gradient reduction due to beam loading is exactly compensated by the rf drive voltage resulting in a constant gradient level applied to the beam (flattop). In the case of beam current below nominal, the drive voltage has to be reduced after filling to keep the cavity voltage constant. For error signal calculation, the slow filling is taken into account using an appropriate set point table [1] . At the end of flattop both the rf drive and control loop are switched off.
III. PROPORTIONAL CONTROL STABILITY IN GENERAL
For initial loop stability examinations, one can investigate ''Bode plots'' [13, 14] of the continuous open loop transfer function, keeping in mind the ''Nyquist stability criterion'' [13, 14] has to be applied instead in case of doubt (as discussed later). Within this section, digitalization effects are neglected. Then, the IQ transfer function of the loop is composed of the klystron (high power rf) transfer function, the cavity transfer function, the proportional gain factor, and the loop delay.
More detailed examinations of 1.3 GHz klystron properties measuring the frequency response over larger ranges of difference frequencies have recently been performed [15] . Klystrons from different manufacturers show quite distinct frequency spectra at larger difference frequencies. Near 1.3 GHz, the transfer functions (for IQ) of the klystrons can be approximated by a first order low pass with a 3 dB bandwidth of 3 MHz:
with f 3 dB 3 MHz: The cavity transfer function is composed of the superposition of all nine transfer functions for the FMs described in the last section considering variations in the coupling (3) and loaded quality factors (4):
with
and ideal tuning of the -mode
The factor ÿ1 n1 takes into account that alternate FMs have an electrical field in the end cell with opposite sign (Fig. 2 ) resulting in opposite sign between power coupler and pickup. Electrical voltage amplitudes couple like the square root of the coupling factor . Both the coupling at the power coupler and the pickup results with (3) in the second factor in (5). For a derivation of the last factor see [1] . Summing up all nine transfer functions gives the cavity transfer function
Because of the signal propagation time through cables, wave guides, high power rf, low power rf e.g. down converters, analog to digital converters (ADCs), field programmable gate arrays (FPGAs) and digital signal processors (DSPs), respectively, digital to analog converters (DACs) and as well through the control loop algorithms a certain loop delay loop accumulates. Its transfer function is
The loop delay and the loop gain 
In case this error signal is phase shifted by more than 180 deg and amplified (amplitude response > 0 dB), one gets positive feedback and the closed loop becomes unstable. By drawing Bode plots of the open loop transfer function [13, 14] , one can usually check visually whether this is the case. Increasing the gain value moves the amplitude scale (Fig. 4) down. Hence, using the stability criterion from above, one reads from the Bode plot the maximum stable gain is about L 46 dB and G 200 respectively (L 20 log 10 G dB) in case one omits all FMs with the exception of the -mode (dashed line). The maximum transmission value of the At linear accelerators such as the ILC or the FELs cavities are driven by a klystron in groups of 8, 16, or even 32 [16] rather than singly and the sum of the angular pointers (vector sum) is controlled [1] . Because of production variation, each cavity has slightly different values for the difference frequencies f n=9 ÿ f resulting in more stable control loops as already remarked in [1] : At the 8 9 -mode the rms variation of 50 kHz (Table I) is much larger than the bandwidth of 420 Hz. In the Bode plot of a vector sum control, the Digital proportional vector sum control loops are operated with higher gains as certain sampling schemes further attenuate the 8 9 -mode and its companions. In the next sections we will discuss this mechanism.
IV. DIGITAL CONTROL WITH 1 MHZ SAMPLING
A superconducting cavity with loaded quality factor of Q L 3 10 6 has a time constant of
Hence, sampling the amplitude and phase every 1 s (sampling rate of 1 MHz) is sufficiently fast for determining unwanted changes and feeding back control signals via a digital controller. Current FPGA based rf field control at the free electron laser in Hamburg (FLASH) [16] samples the 250 kHz intermediate frequency obtained after mixing the 1.3 GHz cavity pickup signal with a 1:3 GHz 250 kHz reference signal [1] instead of sampling amplitude and phase. As a result a series of samples is obtained representing the components I, Q, ÿI, ÿQ of the angular pointer characterizing the 1.3 GHz cavity pickup signal (Fig. 5) . Every s, an algorithm calculates the pointer components I and Q from the four samples previously taken and provides them to the subsequent control algorithms [17] .
This approach results in an effective IQ sampling with 500 kHz, averaging subsequent samples at 500 kHz and resampling the averaged values with 1 MHz. The IQ signals are delayed by 4 s due to this algorithm. Together with delays caused by cables, high power rf, and the control algorithms, the overall loop delay adds up to a value of 5 s. For error correction a DAC, also operating at 1 MHz, steers the rf drive signal via a vector modulator (Fig. 3) .
With a sample rate of 1 MHz frequencies up to one-half of the sample frequency, namely, 500 kHz can be represented. Consequently, the Bode plot of the discrete transfer function covers only frequencies from zero to 500 kHz. Nevertheless, the unwanted FMs still play an important role for the loop stability even when their frequencies differ by more than 500 kHz from the -mode frequency.
Assume a 200 kHz signal generated with a DAC by switching the DACs output every s appropriately (zero order hold). The resulting analog signal consists mainly of a 200 kHz signal but also of higher harmonic signals with 400 kHz, 600 kHz, 800 kHz, and so on, due to the steps caused by the switching. Compared to the 200 kHz amplitude, the 800 kHz amplitude is attenuated by 12.05 dB. In the case of a cavity whose -mode maximum transmission value is aliased from 785 to 215 kHz and reduced to a level of ÿ14:6 dB. For comparison, the bode plot of the continuous system is also shown (green).
0.58 dB with respect to the 800 kHz signal. The filter characteristic of the sampling scheme (averaging and resampling) is included when the Bode plot of the discrete transfer function with 1 MHz sampling rate shows the line of the Using the ''c2d'' command within MATLAB [18] , one may perform the examination described for all frequencies automatically and directly generate the Bode plot of the discrete system (Fig. 6 ). An analytical method is described in [19] . Sampling at 1 MHz already attenuates the amplitude response of the second strongest FM ( 
V. STABILITY CHART FOR 1 MHZ SAMPLING
According to the results of the previous section, digital control with 1 MHz attenuates all unwanted FMs to levels irrelevant for the loop stability with the exception of the (Fig. 8) , one realizes the loop would be stable. According to the stability examinations performed until now, one would expect an unstable behavior because the -mode changes with a period of 1= f 8=9 ÿ f resulting in subsequent regions where the loop is unstable and stable. For the loop delay plotted (Fig. 8) , the phase advance is about 4.5 times 360 deg which is equivalent to 180 deg and therefore results in a stable loop.
Inspecting Nyquist diagrams for various loop delays and gains results in the stability chart shown in Fig. 9 . In reality, the stable areas are larger due to the effects discussed in the previous sections, such as the spread in the frequencies of the 8 9 -modes at a vector sum control of eight or more cavities and the attenuation through the sampling.
From this stability chart, one can determine settings for loop delays and gain values for which a single cavity proportional rf control loop operating at 1 MHz sample rate would be stable. In practice, if the loop delay results in an unstable operation point one may additionally delay the output signal of the controller to reach a stable area. Hence, inserting an additional delay, one may be able to overcome a gain limit of 32 dB (G 40) at an eight cavity control.
VI. CONTROL WITH 54 MHZ SAMPLING
A superconducting TESLA cavity is an extreme narrow band filter. The rf noise coming from the vector modulator and the high power rf is massively suppressed. As a result the cavity field contains very little noise. The noise within the pickup signal measured is dominated by noise picked up between the cavity pickup antenna and the ADC. Sampling the signal at high frequencies enables averaging and filtering to improve the signal to noise ratio. For white noise, sampling N times the signal and taking the average increases the signal to noise ratio by N p .
Decimation and filtering will be neglected in this section and discussed later. The consequences of choosing a high sample frequency only are discussed first.
Within the development process towards an rf control system for the European XFEL [16] , the sampling of a 13.5 MHz intermediate frequency (1300 MHz=96) with 54 MHz (1300 MHz=24) is planned as one of the next steps [17] . Each 18.5 ns, the angular pointer components I and Q can be calculated from the four samples previously taken resulting in a minimum delay of 74 ns. The loop delay will be reduced to a value around 1 s. Figure 10 shows the Bode plot for the transfer function (7) under the effect of sampling with 54 MHz and a loop delay of loop 1 s. Attenuation of the unwanted modes by the sampling becomes negligible due to the high sample frequency. As a result, the stable areas in the stability chart 9 -mode, and so on. Ensuring the control loop stability by increasing the loop delay becomes more delicate because the remaining stable areas are much smaller.
The disadvantage of little or no attenuation due to the sampling can be compensated by the addition of digital filters working at high sample frequencies. A ''brute force'' method may be the implementation of a digital low pass with a steep slope between 500 and 800 kHz attenuating all unwanted FMs. This would also restrict the bandwidth of the rf control and therefore reduce the speed for error correction. Rather than including a low pass, the use of well adjusted digital notch filters will attenuate the unwanted FMs and not restrict the bandwidth of the regulation.
Delaying a signal sampled with f s 54:2 MHz by 34 sample steps and adding the value to the actual one (Fig. 11 ) results in the z-transfer function
where the amplitude response is given by jH nf i j with !=f s . Performing some algebra Because of the narrow bandwidth of the unwanted FMs, the notch filter frequency has to be properly matched with the mode frequency to be rejected. In the case of a 8 9 -mode frequency of f 8=9 ÿ f 785 kHz, the notch frequency of 797 kHz would be too high. The next lower notch filter frequency obtained by using a delay by 35 samples instead of 34 samples would lead to the lowest notch frequency at 774 kHz, which also does not match.
Inspired by [20, 21] , a weighted combination of two notch filters also results in a notch filter at a frequency which can be chosen freely ( Fig. 12 ): To create a notch filter for f wnf , one determines the sample delay value resulting in the next notch filter frequencies above the frequency f wnf
adding one gives the next notch filter frequency below the frequency f wnf . The weights of the two filters are given by
resulting in the filter transfer function for the combination
Table IV contains the numerical values of the notch filter parameters for the first four unwanted FMs and their maximum attenuation. For higher notch frequencies the difference frequency between the two parts of the combined notch filter becomes larger and the resulting filter less effective. As an example, the notch filter for the 9 -mode with f 5=9 ÿ f 10:7 MHz would consist of the two notch filters at 9 MHz and at 13.6 MHz attenuating the 10.7 MHz by 20.7 dB. This is much lower than that achieved by the notch filter for the For the suppression of higher FM frequencies the use of an 18 tap FIR low pass filter with a lower band edge frequency of 8 MHz is suitable
The filter parameters h are given in Table V . This low pass does not restrict the bandwidth of the rf control and the reasonable number of 18 taps is sufficient. The extra delay of 1 s caused by three subsequent notch filters for the 9 -mode and the FIR low pass filter increases the overall loop delay to loop 2 s. Taking this into account, the Bode plot for a single cavity control applying the filters described can be drawn (Fig. 13) .
If a notch filter does not exactly match an unwanted FM, the maximum FM transmission value grows. Figure 13 shows the situation, when all notch filters have a difference frequency of 500 Hz to the FMs which might be caused by static tuning and dynamic detuning effects as caused by the Lorentz force. Even when the notch filters are off by 5 kHz, all FMs will be attenuated to levels below ÿ41:7 dB which would still allow for a gain of 59 dB (G 891) at an eight cavity vector sum control. Nevertheless, the filters need to be adjusted to the individual cavities due to the spread in the FM difference frequencies of 50 kHz and more (Table I) .
First simulation of the pulsed rf operation case shows that the signals can be notch filtered directly after sampling and in front of the error signal calculation. Hence, for vector sum control the FMs may be filtered by notch filters, adjusted for each cavity individually, before calculating the vector sum and the error signal.
VII. AVERAGING AND DECIMATION
Averaging increases the signal to noise ratio as discussed in the previous section. If one uses a moving average retaining the sample frequency, the averaging causes an additional delay of one-half of the number of samples averaged. This additional delay is the only effect on the loop stability.
Calculating the average value of N samples and passing only the average value with N times lower rate to the subsequent algorithms (decimation) causes an additional delay by N samples (with the high rate). As the DAC is now operating with the lower sample frequency, frequencies are aliased to frequencies from zero to one-half of this frequency. The aliased frequencies are attenuated by the zero order hold as discussed in the section treating the 1 MHz sampling.
When one samples with 54 MHz and decimates the signals to 1 MHz at the DAC, the -mode would be much less attenuated by the zero order hold. The use of notch filters directly after the ADCs operating at high sample frequency before the decimation would avoid instabilities.
VIII. DAMPING OF FUNDAMENTAL MODES
The previous sections treated the stability of high gain proportional rf control and described measures facilitating a significant increase of the loop gain to values larger than 40 dB (G 100). Attenuating the unwanted FM frequencies by filters results in a stable control loop, but the FMs are still driven causing small oscillations of amplitude and phase. Simulation including the notch filters described shows these oscillations may have amplitudes of the order of the rf stability requirements for the European XFEL of 0:01 deg [16] . They are not present in the case of a loop delay adjustment resulting in a negative feedback for the Subtracting the output signal of a notch filter from its input signal gives the signal attenuated by the notch. Hence, in the case of the use of a notch filter adjusted for the (Fig. 2) into account, one may add or subtract this signal after amplification to the feedback correction signal (Fig. 14) . As a result the modes are damped. Furthermore, instead of changing only the sign, the loop phase for such an FM damping loop may also be adjusted for optimal performance. This can be done independently for each FM damping loop and independent from the rf control loop.
Simulation containing cavities with -mode and -mode can be damped to levels well below the XFEL stability requirements.
IX. INTEGRAL CONTROL
Integrating the error signals over a sufficiently long period of time and feeding the resultant value back suppresses the effect of the unwanted FMs immediately. Hence, by the use of an integral control instead of a proportional control one can realize high gain error suppression for low frequency errors with much less effort. This does not result in high gain values for the suppression of high frequency errors discussed here. Furthermore, the use of a proportional together with an integral control (PI control) does not result in more gain margin for the proportional control.
X. EXPERIMENTAL VERIFICATION
When TESLA cavities were controlled for the first time in 1996 by an rf control system based on DSPs, the stability could be improved by prolonging the loop delay so that the 8 9 -mode was negatively fed back and damped rather than amplified [22] . These rf control systems were based on the sampling of a 250 kHz intermediate frequency with 1 MHz which is in correspondence to the situation discussed.
The first accelerating module at FLASH, consisting of eight cavities, is controlled by a FPGA based rf field control with a loop delay of 5 s and a sampling rate of 1 MHz. Increasing the loop gain to values above 30 ( 30 dB) results in an unstable behavior [17] . This is in good agreement with the attenuation of the 8 9 -mode effect by 32 dB composed of 14 dB due to the sampling and 18 dB for the case that eight cavities are controlled with a loop delay leading to an operating point in an unstable area (Fig. 9) .
First measurements examining the loop stability as a function of the loop delay in the case of 1 MHz sampling were performed. A periodic sequence with a period of 1:3 s in the loop delay was observed where the loop became subsequently stable and unstable [23] . This fits to the expectations as the period observed corresponds to the difference frequency of the 
XI. SUMMARY AND OUTLOOK
Proportional control is the basis for the rf field stabilization in TESLA cavities. These cavities consist of nine cells and therefore host nine fundamental modes (FMs) of which only one (-mode) is desired for acceleration. The paper contains a derivation of relevant mode parameters such as the coupling and the loaded quality factors together with frequency values measured. A continuous proportional single cavity rf control without special filters would allow for a maximum stable gain of 0.5 dB (G 1:1) due to the unwanted FMs even when one takes into account the bandwidth limitation of the klystron. Production differences lead to a spread of the frequency differences between the unwanted FMs and the -mode larger than the mode bandwidth. Hence, each doubling of the number of cavities in a single klystron multicavity control (vector sum control) leads to a doubling of the gain margin. With eight cavities, the maximum stable gain would be 18 dB (G 7:9).
The use of a digital controller operating with 1 MHz sample rate aliases the FM difference frequencies into the frequency range from zero to 500 kHz and attenuates the maximum transmission value of the Higher sample frequencies such as 54 MHz at the ADCs and DACs have little or no attenuation effect on the unwanted FMs. The use of digital notch filters and a digital low pass not restricting the loop bandwidth is feasible. For optimal attenuation the filters can be adjusted for each cavity separately. As a result, high gain values above 40 dB (G > 100) are possible. In addition, potentially remaining small oscillations caused by FMs without danger for the loop stability but spoiling the rf field quality at the 10 ÿ4 level may be damped. Using decimation, the lower frequency and the frequency of the DAC determines the loop stability.
Observations from proportional rf control loops operating with 1 MHz sample rate and regulating the rf fields at FLASH are in good agreement with the estimates presented.
The maximum gain values discussed can only be reached in the ideal case. Temperature changes in cables and electronics may cause loop phase variations. A klystron operated close to saturation also leads to phase distortions if not compensated. Neglecting cavity detuning effects, as done in this paper, is justified in the case piezo tuners are used and for small rf gradients. Otherwise the rf phases are affected. All these effects cause instabilities already at lower gain values than those discussed. Hence, in practice one operates with lower gain values to keep some margin in phase and amplitude and provide robustness against unwanted parameter variations. Typical values for phase margins are larger than 30 deg. This paper may serve as a starting point for similar examinations for more sophisticated rf control methods such as optimal multi-input multi-output control [24, 25] taking cavity detuning effects into account and for the elaboration of new sampling [26] and decimation schemes.
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